We identify a fundamental challenge for non-perturbative linked cluster expansions (NLCEs) resulting from the reduced symmetry on graphs, most importantly the breaking of translational symmetry, when targeting the properties of excited states. A generalized notion of cluster additivity is introduced, which is used to formulate an optimized scheme of graph-based continuous unitary transformations (gCUTs) allowing to solve and to physically understand this fundamental challenge. Most importantly, it demands to go beyond the paradigm of using the exact eigenvectors on graphs.
Introduction -The collective behaviour of quantum matter is one of the most fascinating topics of modern physics. Understanding it is crucial, as it holds the key to a variety of correlated many-body states -realised for example in spin liquids or superconductors. In particular, it is decisive to gain a systematic understanding of collective phenomena in order to identify fundamentally new behaviour. One attractive route is to study the physics of strongly interacting quantum lattice models, which very often demands the use of efficient numerical tools in order to gain quantitative insights.
Besides exact diagonalizations, quantum Monte Carlo simulations, or variational tensor network calculations, so-called linked cluster expansions (LCEs) became, over the last decades, a standard tool to study quantum manybody systems [1] . Based on the linked-cluster theorem, high-order series expansions of various physical quantities can be evaluated directly in the thermodynamic limit (TL) by performing calulations on finite systems. The latter include zero-temperature properties like the ground-state energy [2, 3] , order parameters, or entanglement entropies [4] as well as high-temperature expansions giving access to thermodynamic quantities [5] . Interestingly, it took until 1996 to set up similar expansions for the physical properties of elementary excitations like one-particle dispersions [6] , two-particle interactions [7] [8] [9] or dynamical correlation functions [10, 11] , i.e. physical properties which are of direct importance for the interpretation of inelastic neutron or inelastic light scattering experiments.
The usefulness of high-order series expansions is limited due to its perturbative nature. It is therefore desirable to reflect about NLCEs [12] [13] [14] [15] [16] . Indeed, many exciting developments have been achieved in this direction recently, e.g. the derivation of effective low-energy spin models [17, 18] , the calculation of entanglement entropies [19] or the extension to time-dependent quantities out of equilibrium [20, 21] . The essential idea behind all approaches is an exact (block) diagonalization on finite graphs, yielding results in the TL after an appropriate embedding procedure. Hence, NLCEs are a promising tool for the investigation of quantum lattice models with a vast range of applications without finite-size effects.
All LCEs share at their core that the physical system on clusters has a reduced symmetry compared to the infinite system, e.g. the translational symmetry is broken by construction. For the perturbative LCEs, the full symmetry is nevertheless restored after embedding, and exactly the same fluctuations present in the TL are taken into account. However, as we demonstrate in this letter, this inherent symmetry reduction represents generically a fundamental challenge for NLCEs when calculating excitation energies of elementary excitations. Here we introduce a generalized notion of cluster additivity which allows to solve this challenge by an adapted gCUT [17] scheme. Fascinatingly, this generalization requires not to use the exact eigenvectors on graphs.
Set up -We focus on elementary excitations of quantum lattice models described by a Hamiltonian H = H 0 + λV at zero temperature. The part
i,αfi,α is diagonal in supersites i of the lattice containing the local quantum degrees of freedom which interact via short-range operators of V building the bonds of the lattice. Here E 0 denotes a constant and the sum runs over all supersites i and all local excitations α. Generically, H is expressed in normal-ordered form H = H d + H nd using annihilation (creation) operatorsf
where dots refer to other particle-conserving (nonconserving) terms in H d (H nd ). The goal is then to derive a renormalized particle-conserving HamiltonianH d accounting for the influence of H nd quantitatively which is well defined as long as no quantum phase transition occurs as a function of λ. LCEs and cluster additivity -The general concept behind any LCE is to decompose physical quantities in the TL into a sum of reduced contributions from finite linked clusters. We define a cluster of the infinite system as a finite subset of supersites and their linking bonds. The reduced contribution of a cluster is then obtained by subtracting reduced contributions of all subclusters to avoid double counting. Consequently, a reduced contribution corresponds to the fluctuations which are specific to a given cluster.
The latter is based on the so-called cluster additivity which is defined as following. Let us call two clusters A and B disconnected, if they do not have any sites in common and there is no bond linking sites from cluster A and B (see Fig. 1a for x = 0). For a disconnected cluster C = A ∪ B any quantity M C is called cluster additive if it can be expressed as
so that M C splits into a part associated with the Hilbert space H
A (H B ) of subcluster A (B). The Hamiltonian H C as well asH C d are cluster additive, which implies a proper LCE for the ground-state energyẼ and for the one-particle hopping amplitudesã δ . Overall, the cluster additivity allows therefore to unambiguously identify the reduced contributions of subclusters and thus to consistently define the embedding into the infinite system.
Generalized cluster additivity -Cluster additivity is sufficient to perform a NLCE if the reduced symmetry of the physical system on graphs before embedding into the infinite system does not matter. If this is not the case, one has to generalize the notion of cluster additivity. For clarification we consider a cluster C consisting of two subclusters A and B which are linked by only one link of coupling strength x as illustrated in Fig. 1a , and one aims at evaluating the reduced contribution for x = λ.
Any quantity M C like the HamiltonianH C d takes then the form
where M x gives rise to the reduced contribution of cluster C. One prototypical evolution of the eigenenergies of H C d are displayed in Fig. 1b . One observes two regimes: For small x, the change of eigenvalues and eigenvectors is smooth while, for larger x, there are characteristic antilevel crossings (ACs) starting from x c where eigenenergies and eigenvectors change drastically. These ACs may therefore affect M C severely in an unphysical fashion leading to a breakdown of NLCEs for λ x c , if the corresponding fluctuations are not present in the TL.
The physics of a single AC at x c can be naturally discussed by focusing on the two involved energy levels as sketched in the zoom of Fig. 1b . Denoting by |i and |j the two eigenvectors for x < x c , the eigenvectors at (or close to) x c are entangled superpositions of |i and |j . For the calculation of the ground-state energyẼ 0 this is not problematic, since the symmetry of the lowest level is typically identical to the full ground state and all admixtures due to ACs correspond to true quantum fluctuations in the infinite system. In contrast, if one aims at calculating the properties of elementary excitations like the one-particle hopping amplitudesã δ , one has to block-diagonalize the system so that the isolated block contains all effective hopping elementsã C δ present on cluster C. Assuming no quasi-particle decay in the TL, such AC on clusters results from the reduced symmetry. This artificial entanglement between levels corresponds to quantum fluctuations not present in the TL. Consequently, using full block diagonalizations on graphs for NLCEs gives wrong results in this case for λ x c .
One therefore has to generalize the notion of cluster additivity by demanding that any physical quantity M C likeH C d is sufficiently smooth as a function of x for 0 ≤ x ≤ λ with respect to the TL. Artificial ACs should then be replaced by true level crosssings as indicated by the dashed lines in Fig. 1b , since the two involved levels have different quantum numbers in the TL implying a smooth behaviour of all quantities. In other words, one has to systematically avoid unphysical entanglement and associated ACs. As a direct consequence, one cannot use the exact eigenvectors as it is done so far in all implementations of NLCEs.
Optimized gCUTs -Next we adapt gCUTs in order to account for the generalized notion of cluster additivity. The gCUT [17] is a variant of continuous unitary transformations (CUTs) [22] [23] [24] where the full CUT in the TL is rephrased as a NLCE by summing up reduced contributions of graphs. In practice, only a finite set of graphs can be treated numerically which sets a characteristic length scale L of quantum fluctuations captured. Consequently, if the physical system has a finite correlation length ξ the gCUT is expected to converge as long as ξ ∼ L. Specifically, at quantum critical points with ξ → ∞, one relies on appropriate scalings in L.
A CUT maps the initial Hamiltonian H by H( ) = U † ( )HU ( ) unitarily using the continuous flow parameter .
The goal is to derive the effective
is the antihermitian generator of U ( ). The flow equation corresponds to an infinite set of coupled differential equations, and therefore a systematic truncation scheme is mandatory [17, 25, 26] . gCUT is a non-perturbative truncation scheme where the flow equation is solved numerically on a set of graphs, which is done exactly due to the finite Hilbert space dimension [17] . The graph-dependent effective Hamiltonian matrixH C d is then embedded into the infinite system yielding the effective HamiltonianH d in second quantization.
In gCUTs, one introduces on each cluster C the quasi-particle (QP) counting operatorQ C ( ) = in i ( )
and defines the QP-generator η
C i,j = sgn(q i − q j )h C i,j withQ C |i = q i |i [25, 27]. For this generator [H C d ,Q C ( = ∞)] = 0, i.e.
the effective Hamiltonian matrixH
C d is block-diagonal in the numbers of QPs. Here we focus on the 1QP sector, and we set q = 0 for 0QP, q = 1 for 1QP, and q = 2 for all other channels. The gCUT is expected to converge if no artificial ACs are present in the spectrum. This is for example the case for the single-valued 0QP sector, which corresponds to the ground-state energyẼ 0 . For this (scalar) quantity, gCUTs is exactly equivalent to NLCEs using exact diagonalization.
The situation is more complex in the 1QP sector when artificial ACs are present between 1QP and nQP (n > 1), since the QP-generator is known to sort the eigenenergies in ascending order [25] . The lowest eigenenergies (disregardingẼ C 0 ) are therefore contained in the 1QP block at = ∞ and the CUT always follows the lower branch of an AC on each cluster. This implies a breakdown of the gCUT for λ λ c , when λ c denotes the location of the first artificial AC.
Consequently, an optimized gCUT scheme should not fully separate the 1QP sector from the rest of the states, so that elements h ij , giving rise to artificial ACs, stay finite after the CUT [28] . We consider states during the flow in the diagonal basis of sub-blocks, i.e. any QP- sector is diagonalized disregarding the finite matrix elements between different sectors. This is the optimal basis to investigate ACs, since the interaction between sub-block eigenstates |i and |j with different number of QPs is contained in the single matrix element h ij . Physically, one disentangles the states |i and |j involved in the ACs as sketched in the inset of Fig. 1b . This is achieved by adapting the generator during the flow. Typically, states |i and |j are almost unentangled in the window 0 ≤ ≤ c ij (see below), since the purely nonperturbative artificial entanglement between both states builds up signficantly only for rather large values l c ij . Consequently, one should set η ij = 0 at c ij for each artificial AC. The corresponding element h ij is then finite after the CUT and represents the artificial interaction due to the reduced graph symmetry.
The key to locate the c ij are the reduced weights Wν = ν|ν defined for any state as
where |ν represents |ν in the original basis at = 0 and P projects to the one-particle states of H d . For 1QP (nQP), the sum runs over all 1QP states |μ having a (sufficiently) smaller sub-block energy. The physical logic behind the Wν ∈ [0, 1], a natural quantity used in contractor renormalization group (CORE) approaches [29, 30] , becomes apparent for = ∞ as a function of λ. If λ λ c , then all Wν of 1QP states are O(1) while Wν ≈ 0 for all other levels. In contrast, for λ ≈ λ c , one observes a significant transfer from the 1QP to the nQP sector for the two levels |i and |j so that W j ≈ 1 after the AC. A large reduced weight in the nQP sector is therefore directly linked with the artificial entanglement due to the reduced cluster symmetry. The generator of the CUT on a given cluster should therefore be adapted during the flow in so that this transfer is avoided. From a certain value of , almost all weight is contained in the 1QP sector which remains true until c ij . At this point one observes a significant increase (decrease) of W j (W i ) and we put η ij = 0 for c ij . Therefore, our optimized variant of gCUTs, which fully takes into account the generalized notion of cluster additivity, is completely defined.
Applications -Next we apply the optimized gCUT to two specific quantum spin models. We start with a twoleg antiferromagnetic spin 1/2 Heisenberg ladder, setting the exchange on rungs (legs) of the ladder to 1 (λ). This model is gapped for all values of λ [32, 33] and has therefore a finite correlation length ξ, but it displays strong interactions among the elementary S = 1 triplon excitations [7, 10] and it is therefore an optimal playground to test the performance of the optimized gCUT.
In practice, we choose to describe the two-leg ladder from the perspective of isolated rungs, i.e. at λ = 0 one has a product state of singlets as the exact ground state while triplets represent elementary excitations with S = 1 and energy gap ∆ = 1. Taking rungs as effective supersites, graphs G L of the two-leg ladder corresponds to simple chain segments of length L. For each G L there are L 1QP reference states with fixed S z , since the triplet can be located on each of the L supersites.
Here we have treated all G L up to L = 12 extracting the graph-dependent hopping elements of triplon excitations. Embedding the results into the TL and performing a Fourier transformation, yields the one-triplon dispersion ω(k) displayed in Fig. 2 [34] .
First, we use the standard gCUT scheme with the QPgenerator giving suitable results up to λ ≈ 1. This approach fully breaks down for larger values of λ which is consistent with the observation that the first artificial AC takes place at λ ≈ 1.16 for L ≤ 12 [35] . The behaviour is completely different with the optimized gCUT treating the effects of artificial ACs properly. The results are robust and converge up to rather large values of λ, as can be seen in the inset of Fig. 2 showing a comparison to density matrix renormalization group (DMRG) data.
Next we turn to the transverse-field Ising model on the square lattice, setting the magnetic field (antiferromagnetic Ising exchange) to 1 (λ). In contrast to the two-leg Heisenberg ladder, this model is known to display a zerotemperature quantum phase transition at λ crit = 0.3285 separating the polarized phase at small λ from the Z 2 symmetry-broken phase [5, 36, 37] . We concentrate on the unbroken polarized phase and therefore discuss elementary excitations of this phase in terms of dressed spin flip excitations.
Here we use a rectangular cluster expansion [19, 38] up to N = 22 spins to calculate the one-particle dispersion ω( k) at the quantum critical point λ crit as shown in Fig. 3 , which is by definition the most challenging situation for any NLCE, since ξ → ∞ and one has gapless excitations at k af = (π, π). Interestingly, we observe a fast convergence with increasing cluster sizes for all momenta being not in the vicinity of k af . As expected, the gapless nature of the spectrum can only be resolved with a scaling using an appropriate length scale L of the considered clusters. For the rectangular clusters we take L = √ N [19] as displayed in the inset of Fig. 3 for the one-particle gap ∆. Extrapolating in terms of 1/L gives convincing evidence that the optimized gCUT is even capable of catching the correct quantum critical behaviour.
Conclusions -In this work we have identified an inherent complication for NLCEs originating from the reduced graph symmetry leading to artificial ACs when calculating one-particle excitation energies. Our findings are clearly important in a much more general manner, since the same kind of problem is expected to arise for any separation of degrees of freedom like for many-particle excitations, dynamical correlation functions, or the derivation of effective low-energy models using clusters with reduced symmetry, as done in any NLCE, CORE, or gCUT calculation, e.g. the derivation of effective spin models in the Mott phase of Hubbard models separating charge and spin degrees of freedom.
Furthermore, it might be worth to investigate whether similar problems are also present in high-temperature NLCEs or cluster dynamical mean-field theory which both break translational symmetry on clusters. Finally, we are convinced that our optimized gCUT scheme is a potentially useful platform to explore the physics of a vast variety of quantum many-body systems.
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